The quantum entanglement as one of very important resources has been widely used in quantum information processing. In this work, we present a new kind of genuine multipartite entanglement. It is derived from special geometric feature of entangled systems compared with quantum multisource networks. We prove that any symmetric entangled pure state shows stronger nonlocality than the genuinely multipartite nonlocality in the biseparable model. Similar results hold for other entangled pure states with local dimensions no larger than 3. We further provide computational conditions for witnessing the new nonlocality of noisy states. These results suggest that the present model is useful characterizing a new kind of generic quantum entanglement.
The quantum entanglement as one of very important resources has been widely used in quantum information processing. In this work, we present a new kind of genuine multipartite entanglement. It is derived from special geometric feature of entangled systems compared with quantum multisource networks. We prove that any symmetric entangled pure state shows stronger nonlocality than the genuinely multipartite nonlocality in the biseparable model. Similar results hold for other entangled pure states with local dimensions no larger than 3. We further provide computational conditions for witnessing the new nonlocality of noisy states. These results suggest that the present model is useful characterizing a new kind of generic quantum entanglement.
It is important to explore useful method to quantify the distinctive feature of entangled systems. For the simplest scenarios of two-particle system, Bell proposed a novel approach to explain the paradox of Einstein-Podolsky-Rosen (EPR) [1] by characterizing its bipartite correlations [2] . Specifically, quantum correlations generated by local measurements on a two-spin entanglement cannot be reproduced in any physics satisfying the locality and casualty assumptions in local hidden variable theory (LHV). The so-called nonlocality is generic for bipartite entangled systems [3, 4] . Apart from the bipartite nonlocality, fruitful multipartite nonlocality exist for different multi-particle systems [5] [6] [7] [8] [9] [10] [11] [12] . So far, these entangled states have inspired widespread applications [13] [14] [15] [16] [17] [18] . Single multipartite entangled system has experimental limits in long-distance transmission and storage because of its short decoherence time [19] . One solution is from a distributive setting [20, 21] . As a typical quantum feature the entanglement swapping of distributed systems allows generating new nonlocal systems [22, 23] . This implies new non-multilocality beyond the standard Bell test [5] [6] [7] [8] [9] [10] [11] [12] . Nonlinear Bell-type inequalities are useful for verifying these distributively entangled systems [24] [25] [26] even for general networks with independent observers who do not share sources [27] . Local joint measurements generate strong multipartite quantum correlations going beyond single-source networks in the LHV model. The other nonlocality is from cyclic networks without input assumptions [28] [29] [30] . Their independence assumption of sources can be ruined in an adversative application such as fully device-independent quantum protocols.
Despite these improvements on single entangled systems and quantum networks, there is few method to distinguish these systems. Classical communication is an important resource in the entanglement swapping to correct the measurement errors [22] . This is forbidden in Bell theory [1, 2] . All the nonlinear Bell-type inequalities do not take this kind of feature [24] [25] [26] [27] . One intuitive example is shown in Fig.1 . Although these states are all genuinely tripartite entangled [9] , some differences exist without classical communication. Note that the Greenberger-Horne-Zeilinger [5] . (b) Triangle network consisting of three EPR pairs [1] of |φ A 1 A 3 , |φ A 1 A 2 and |φ A 2 A 3 . It can be regarded as a high-dimensional entangled state of |Φ = 1 2 √ 2 (|000 + |012 + 120 + |132 + |201 + |213 + |321 + |333 ) A 1 A 1 ,A 2 A 2 ,A 3 A 3 on Hilbert space C 4 ⊗ C 4 ⊗ C 4 . (c) Entanglement swapping network consisting of two EPR pairs |φ A 1 A 2 and |φ A 2 A 3 . It can be regarded as an unbalanced high dimensional entanglement of |Ψ = 1 2 (|000 + |011 + 120 + |131 ) A 1 ,A 2 A 2 ,A 3 on Hilbert space C 2 ⊗ C 4 ⊗ C 2 . The schematic encoding for local two-qubit system is here defined according to an isomorphism mapping from Hilbert space HA i ⊗ H A i to C 4 as: F : |00 → |0 , |01 → |1 , |10 → |2 , |11 → |3 , where HA i and H A i are the respective state space of Ai and A i . arXiv:2003.07153v2 [quant-ph] 2 Apr 2020 (GHZ) state |GHZ = 1 √ 2 (|000 + |111 ) in Fig.1(a) is permutationally symmetric. The equivalent entanglement |Φ in Fig.1(b) is invariant under the cyclic permutation of joint systems A 1 A 1 , A 2 A 2 and A 3 A 3 [29, 30] . The equivalent entanglement |Ψ in Fig.1(c) is invariant under the permutation of A 1 and A 3 . These features imply different nonlocalities [5, 24, 30] . A natural problem is to explore the generic feature of these multipartite entangled states.
In this work, we propose an approach to investigate new features of single entangled system going beyond quantum multisource networks. The main idea is to take use of the strong symmetry of specific systems such as generalized GHZ states [5] and Dicke states [31] [32] [33] [34] [35] . Different from entangled systems shown in Fig.1(b) and (c), or cluster states [36, 37] , the permutationally symmetric entangled pure states cannot be constructed using distributive systems associated with any multisource networks without classical communication. It is different from a recent result of genuine multipartite nonlocality assisted by local operations and classical communication (LOCC) [39] . The present entanglement provides a stronger nonlocality than the genuine multipartite nonlocality in biseparable model [9] for single entangled states [5, 31, 32, 36, 37] or multisource networks [30, 38] . Moreover, the new nonlocality holds for any entangled pure states with local dimensions no larger than 3. Some computational conditions are further proposed to witness entangled states with general noises. These results provide a directive method to explore the genuine multipartite nonlocality [5, 9, 31, 32, 36, 37, 40] .
Distributive quantum sources. Consider tripartite networks shown in Fig.1 shared by three parties. The classical realizations of Fig.1(a) and (b) are equivalent in terms of the graph theory, but inequivalent to Fig.1(c) . For quantum realizations, GHZ state in Fig.1(a) is generated from other two networks assisted by LOCC [22] . This implies that these networks are genuinely entangled assisted by LOCC. Similar genuinely multipartite nonlocality holds for any quantum network consisting of genuinely entangled pure states. A directed result is that any multipartite quantum network consisting of EPR states or GHZ states is equivalent to GHZ state under LOCC. Moreover, the permutation symmetry of GHZ state allows an interesting witnessing method with only partial correlations [41] as (Appendix A) 1≤i =j≤n
for all biseparable states ρ on Hilbert space H A1 ⊗ · · · ⊗ H An , where f i s are nonlinear operators defined by f 1 (ρ, X) = tr[ρ p (X ⊗1)ρ 1−p (X ⊗1)] and f 2 (ρ, X, Y ) = tr[ρ p (X ⊗1)ρ 1−p (1⊗Y )] with p ∈ (0, 1), and M i s are dichotomic quantum observable. This is impossible for the states in Fig.1(b) and (c) without classical communication. The difference may imply new nonlocalities [29, 30] . Generally, LOCC is too strong in Bell theory. Each pure state or purified state can be transformed into others from a series of two-particle operations and single-particle operations, which can faithfully realized using teleportation-based quantum computation [42] . This follows the equivalence of different entangled systems assisted by LOCC even if they have different nonlocalities [5, 24, 30] . It is also unapplicable in a fully device-independent model with adversative assumptions [43] [44] [45] . Users should distinguish different entangled systems as shown in Fig.1 , which may be provided by an adversary. Here, we consider the problem how to distinguish single entangled source from distributive settings without classical communication. Especially, consider an n-partite state ρ on Hilbert space H A1 ⊗ · · · ⊗ H An with local dimensions d 1 , · · · , d n ≥ 2.
Definition 1. ρ is generated according to a specific multisource network N if the following decomposition holds
where ρ 1 , · · · , ρ m are any entangled quantum states consistent with the network configuration of N , {p i } is a distribution, and U i,j are quantum operations that are physically realizable without classical communication.
An n-partite state ρ is genuinely entangled if it cannot be decomposed into Eq.(2) according to any multisoure networks satisfying that there are at most n − 1 parties are connected to each source. As its shown in Fig.1 there are entangled states with the decomposition in Eq. (2) . It implies that the present nonlocality is strong than previous genuine multipartite nonlocality in the biseperable model [9] . The assumption of U i,j is important in the present model. Otherwise, it may be any positive semi-definition operations that can be realized by unitary operations assisted by post-selection strategy or classical communication [46] . A more general assumption allows local quantum operations depending on any measurable variable λ as local operation and shared randomness [47] . This is different from the non-multilocality [24] [25] [26] [27] and the genuine nonlocality [28] [29] [30] with multiple independent randomness. It is also beyond the biseparable model for the genuine nonlocality [9] . Unfortunately, previous Bell-type inequalities or witness operators are useless for verifying these entanglements. New genuine multipartite entanglement. Our goal here is to explore new genuinely entangled states with the present model in Eq. (2) . Similar to the toy model in Fig.1 , all the states shown in Eq.(2) associated with connected networks are entangled in the different local models [5, 6, 9] . These nonlocalities are difficult to be distinguished using a unified method. Fortunately, the example in Fig.1 shows interesting features for witnessing the new nonlocality. The lack of symmetries is actually generic for the states that have the decomposition in Eq.(2). An n-partite quantum state is permutationally symmetric if its density operator ρ is invariant under any permutation operation in the permutation group S n associated with a set of n elements. One example is generalized GHZ state [5] :
on Hilbert space H A1 ⊗ · · · ⊗ H An with the same local dimension d ≥ 2, where a i satisfies
Another examples are generalized Dicke states [31] :
where N k,n = C(k + n − 1, n − 1) denotes the combination number of choosing n − 1 balls from a box with k + n − 1, k = 1, · · · , nd − d − 1. Dicke states are particular interesting because of its robustness against particle loss, global dephasing, and bit flip noise [32] . These states are genuinely multipartite entangled [33] [34] [35] and cannot be obtained by symmetric extension of other entangled states [48] . They are also different from cluster states [36] or stabilize states using Pauli operators as generators [49] . All the symmetric entangled pure states can be verified using Hardy-type inequalities [50] in the biseparable model. We show similar result in the present model. Theorem 1. Any n-partite permutationally symmetric pure states except for product states on Hilbert space H A1 ⊗ · · · ⊗ H An with n ≥ 3 have genuinely entangled in the present model.
Theorem 1 provides a new nonlocality stronger than the genuine multipartite nonlocality in the biseparable model using Hardy-type inequality [50] or Svetlichny inequality [9] for Bell networks, or new inequalities for multisource networks [29, 30] . This kind of n-partite nonlocality cannot be realized by lifting any distributive sources each with no more than n − 1-partite nonlocality. It is well-known that LOCC cannot increase the entanglement. Our result shows a further feature of classical communication in generating the multipartite entangled states. The new genuinely entangled systems contain (under local unitary operations) strong symmetry [5, 31, 32] . Interestingly, there are asymmetric systems that are also genuinely entangled in the present model. Theorem 2. Any n-partite entangled pure state on Hilbert space H A1 ⊗ · · · ⊗ H An with local dimensions d 1 , · · · , d n ≤ 3 and n ≥ 3 is genuinely entangled in the present model. Theorem 2 holds for asymmetric entangled pure states with unequal local dimensions of state spaces. This property is important for hybrid systems [51] . Both theorems provide general methods to witness the new genuine multipartite nonlocality of pure states using the local decompositions. A directive result is for any asymmetric entangled pure state that is transformed from an entangled pure state in Theorems 1 and 2 using local operations and auxiliary states. These states are also genuinely entangled in the present model.
New genuinely multipartite entangled states with noises. The present nonlocality of entangled states is robust against general noises. For an n-partite pure state on Hilbert space H A1 ⊗ · · · ⊗ H An , denote D(|Φ ) as the maximal distance between |Φ and the decomposed states in Eq.(2), i.e.,
where |Ψ i are n-partite states with at most n − 1 parties being entangled and |Φ 0 is auxiliary state, U j are local unitary operations on the local joint system. From the compactness of Bloch sphere, i.e., the finite supremum is achievable by Cauchy series, the following inequality holds D(|Φ ) < 1 (6) for any state |Φ that is genuinely entangled in the present model. This implies a sufficient condition for witnessing the new genuine multipartite nonlocality of any state ρ on Hilbert space H A1 ⊗ · · · ⊗ H An as
where F (ρ, |Φ ) = tr[|Φ Φ|ρ], as shown in Fig.2 . Similar result holds for other states generated by |Φ using local operations. Although it is difficult to evaluate D(|Φ ) for general state |Φ , analytic results will be surprisedly proved for all the states in Theorems 1 and 2. Define a permutatationally symmetric entangled state as
where |D 0,n := β 0 |0 ⊗n + β 1 |d − 1 ⊗n with β 2 0 + β 2 1 = 1, and |D k,n is defined in Eq.(4). Special limits of α i should be imposed to exclude symmetric product states.
Theorem 3. For any n-partite state ρ on Hilbert space H A1 ⊗ · · · ⊗ H An , it is genuinely entangled in the present model if the following inequalities hold
where β in Eq.(11) is given by β = max{β 0 , β 1 }, |Φ in Eq.(12) is any entangled pure state on Hilbert space H A1 ⊗ · · · ⊗ H An with local dimensions d 1 , · · · , d n ≤ 3, and σ(ρ A ) denote the eigenvalues of the reduced density matrix ρ A of the subsystem A ⊆ {A 1 , · · · , A n }. Theorem 3 provides useful method to witness the new genuine multipartite nonlocality of general noisy state. Noisy GHZ states. Consider an n-partite GHZ state defined in Eq.(3) with white noise as [52] :
where 1 d n denotes the identity operator on Hilbert space H A1 ⊗· · ·⊗H An with the same local dimension d ≥ 2 or white noise in physics. The weight v may operationally represent the interferometric contrast observed in experiment [52] . For the maximally entangled GHZ state |GHZ with d = 2, from Eq.(9) ρ v is genuinely entangled when v > 2 n−1 −1 2 n −1 . This is exactly consistent with the genuine multipartite nonlocality in the biseparable model [40] . Interestingly, Theorem 3 provides a further condition to detect the genuine multipartite entanglement for generalized noisy GHZ state as
with a = max{a 2 0 , · · · , a 2 d−1 } using the witness operator: W GHZ = a1 d n − |GHZ GHZ|. Noisy Dicke states. Consider the Dicke state defined in Eq.(4) with white noise as v = v|D k,n D k,n | +
where v ∈ [0, 1]. Few results are proved for the genuine nonlocality of v . Theorem 3 implies that v is genuinely multipartite entangled in the present model when v ≥ (n − 1)2 n − n − k + 1 (2 n − 1)(n + k − 1)
This further implies a new condition for witnessing the genuine multipartite nonlocality in the biseparable model [9, 31, 32] using a projective witness operator: W D = n−1 n+k−1 1 d n − |D k,n D k,n |. Moreover, it provides a sufficient condition for witnessing the generalized permutationally symmetric noisy state
where v i ≥ 0 and nd−n−1 i=0 v i = 1. General noisy states. For an n-partite entangled pure state |Φ on Hilbert space H A1 ⊗ · · · ⊗ H An with local dimensions d 1 , · · · , d n ≥ 2, denote its noisy state as
where is a general noisy operator, such as white noise [52] , depolarization [53] , or erasure errors [54] , which is positive semidefinite operator with unit trace. Theorem 3 provides an efficient method to detect the new genuinely entangled states. Actually, for a given |Φ we evaluate the inequality (11) using the projection operator: W ps = |Φ ps Φ ps | onto the symmetric subspace of H A1 ⊗ · · · ⊗ H An , where |Φ ps is defined in Eq.(8), α i = Φ|Di,n c for i = 0, · · · , nd − n − 1, and c = ( nd−n−1 i=0
to witness the new genuine multipartite nonlocality or previous genuine multipartite nonlocality [9] . Another method is derived from the inequality (12) from the reduced density operators for d 1 , · · · , d n ≤ 3. Consider a three-qubit entangled pure state as [55] :
where ϕ ∈ [0, π], λ i ≥ 0, and 4 i=0 λ 2 i = 1. From Eq.(11) it implies a sufficient condition as (Appendix E) :
where λ = max{γ 1 , γ 2 , γ 3 } and γ i given by
. Similar result holds for general entangled states on Hilbert space with local dimension d ≤ 3. A simple condition follows from Eq.(11) is given as
where α = max{ ρ A c }, ρ A c denotes the maximal 1-norm of column vectors in the reduced density matrix ρ A associated with the subsystem A ⊆ {A 1 , · · · , A n }. One example is cluster state or graph state [36] . These states are interesting in quantum information processing and measurement-based quantum computations [56, 57] . Single connected graph state has the genuine multipartite nonlocality [58] . Theorem 2 shows that these states are also genuinely entangled in the present model. Inequality (22) provides a general witness for cluster states associated with specific graph.
Discussion
Entanglement is of an important resource for witnessing quantum mechanics beyond classical physics. Lots of methods are explored for verifying various entangled systems [2, 5, 7, 9, 17 ]. The present model is derived from the distributively settings of entanglement generations [20] . These states are based on specific networks which generally have no symmetric group as stabilizers [29, 30] . The geometric feature has strong limit on the resultant from any networks [48] without classical communication for error corrections. It further implies a new kind of entanglement in Theorem 1 beyond all the nonlocalities [2, 5, 9] . Interestingly, similar entanglements exist on small Hilbert spaces even without symmetry in Theorem 2. Although some isomorphism embeds a small space into larger Hilbert space with tensor decomposition, these local operations are useless for distributively building specific genuinely entangled systems without classical communication. Thus an interesting problem is how to feature other systems with the present nonlocality. One possible is entangled pure state with prime dimension of each system. Unfortunately, similar result is impossible from Theorem 2 because any d-dimensional Hilbert space with d ≥ 4 has subspace with nontrivial tensor decomposition, as shown in Fig.1 (a) or (b) with d = 5. Another problem is to characterize the states that are generated from entangled states in Theorems 1 and 2. All the present results hold under local unitary operations.
In conclusion, we presented one method to detect a new kind of genuinely multipartite entangled systems derived from multisource networks. The proposed nonlocality is stronger than the genuine nonlocality in the biseparable model or other models with multiple independent sources. The first result implies the typical nonlocality of permutationally symmetric entangled pure states in the new model. Similar result holds for other entangled pure states on Hilbert space with local dimensions no larger than 3. These results imply a new kind of generic nonlocality even for noisy states. Interestingly, the present nonlocality is consistent with the genuine multipartite nonlocality in the biseparable model for specific systems such noisy GHZ states. These results are interesting in Bell theory, quantum information processing and measurement-based quantum computation.
Our goal is to present one method using limited quantity to witnessing entangled states inspired by Wigner-Yanase skew information [59] , which is also useful for verified special entangled states in terms of Bell theory. Although the goal of inequality (1) in the main text is multipartite entangled state, we present the bipartite case for completeness of this method.
A1. Bipartite entangled states
For a given positive semi-definite operator ρ, and measurement operator A, the Wigner-Yanase skew information is defined by
= AB − BA denotes the Lie bracket operator. Note that I(A, ρ) is convexity for ρ [60] . In what follows, we define a similar information with tight upper bound. Actually, we can prove that the following inequality
for any bipartite separable state ρ, and measurement operators A, B, where f 1 and f 2 are two nonlinear functionals depending on the shared state ρ and measurement operators, which are defined by with p ∈ (0, 1). Interestingly, the maximum of any quantum state ρ is 2. This inequality can be used to verify quantum entanglement as shown in Fig.3 . There are nonlinear functionals F i s that depend on the shared sources. Fortunately, the classical upper bound is computable in theory.
Proof of Inequality (A1). Note that −f i (ρ, X) is convex functional in the terms of positive semi-definitive bounded operator ρ [60] , i.e.,
where ρ i are density operators, and A, B are measurement operators. For a given measurement operator A, it follows that
where each mixed state (i) can be represented by linearly superposition of pure states, i.e., (i) = j q
. For a product state |ψ 1 |ψ 2 , with two local measurement operators A and B it is easy to check that
From Eqs.(A5) and (A6), the left side of Eq.(A1) is given
which implies the inequality (A1). Eq.(A7) follows from Eq.(A5) and the linearity of the expectation operation · . Inequality (A8) follows from Eq.(A6). Inequality (A9) follows from the inequality: (x + y) 2 ≥ 0.
Note that f i s are convex in the density operator ρ [60] . It only needs to consider pure state for the maximum. The left side of Eq.(A1) is given by
Eq.(A10) follows from the assumptions of A, B ≤ 1. Eq.(A11) follows from the equality:
Consider bipartite entangled pure state |Ψ as
where θ ∈ (0, π 2 ]. Define A = B = σ x as Pauli operator. It is easy to evaluate that 
It is entangled if a i a j = 0 for some i = j. Consider the subspace spanned by {|i , |j }. It is easy to prove that Pauli operators σ x , σ z on the subspace can also verify the nonlocality of |Ψ .
A2. Multipartite entangled states
Consider an n-partite state ρ on Hilbert space H A1 ⊗ · · · ⊗ H An with local dimension d ≥ 2. ρ is fully separable if the following decomposition holds
where {p i } is probability distribution, and ρ (j) i are density operators on the local system of A j . The inequality (A1) is then extended as:
for any fully separable state ρ, where f 1 and f 2 are two nonlinear functionals defined in the respective Eq.(A2) and (A3), and M i s are dichotomic measurement operators. On the other hand, the maximum for general quantum states is n 2 − n. This inequality can be used to verify entangled states.
Proof of Inequality (A17). Similar to bipartite state, −f i s are convex for the density operators with any measurement operators M i [60] . Consider any fully separable pure state of ρ = ⊗ n i=1 |ψ i ψ i |. The left side of Eq.(A17) is rewritten by:
Inequality (A18) follows from the convexity of −f i s. Inequality (A19) follows from the assumptions of M i ≤ 1.
Eq.(A20) follows from the equalities:
Inequality (A22) follows from the convexity of −f i s. Inequality (A23) follows from the assumptions of M i ≤ 1 for any M i s. Eq.(A23) follows from the equalities: f 1 (|Φ , M j ) = Φ|M j |Φ := M j . Inequality (A24) follows from the inequalities: (
In what follows, some examples will be presented to show the maximal violation of the inequality (A17). Example 2. Consider an n-partite generalized GHZ states [5] :
for any θ ∈ (0, π 4 ]. It means that generalized GHZ states is not fully separable for any θ ∈ (0, π 4 ]. Example 3. Consider an n-partite generalized W state:
for α i α j = 0 with any i = j, which implies a generalized singlet state for subsystems i, j.
Example 4. Consider a generalized 4-partite Dicke state [31] :
for all nonnegative γ i with at least two γ i , γ j = 0. Now, we consider the genuinely entangled state. For a general n-partite state ρ on Hilbert space H A1 ⊗ · · · ⊗ H An , it is k-producible state [9] if the following decomposition holds
are density operators of local system I j . We can prove the following inequality
for all k-producible n-partite states.
Proof of Inequality (A32). Actually, the left side of Eq.(A32) is rewritten by:
Inequality (A33) follows from the convexity of −f i s [60] . Inequality (A34) follows from the assumptions of M i ≤ 1. Eq.(A35) follows from the definition of Wigner-Yanase skew information I [59] . Note that I(|φ i ⊗ |φ j , M i +
This has proved the inequality (A37). Inequality (A38) has taken use of the following inequality:
The maximum is n − 1 for n-partite genuinely entangled state.
This witness is device-independent in the sense that any observed violation of ω k−pr by ρ implies that ρ is at least genuinely (k + 1)-partite entangled, i.e., has an entanglement depth of at least k + 1, regardless of the details of the measurement devices and the Hilbert space dimensions.
Example 5. Consider an n-partite generalized GHZ states |Φ = cos θ|0 ⊗n + sin θ|1 ⊗n with θ ∈ (0, π 2 ]. Define M i = σ z , γ i = 1 for all i. It follows that ω k-pr (|Φ ) =n − 1 − (n − 1) cos 2θ 2 >k − 1 (A39) when cos 2θ < n−k n−1 . It implies that the inequality (A32) can be used to verify entanglement depth k ≥ 2 of maximally GHZ states or partially entangled GHZ states. Some numerical simulations of θ is shown in Fig.4 . Specially, when k = n − 1, it shows that inequality (A32) can verify the genuine multipartite nonlocality of partially entangled GHZ states with cos 2θ < n−2 n−1 .
when γ i = 1 √ n and k = 2. It implies that the inequality (A32) can be used to verify the entanglement depth k = 2 of the maximally entangled W states.
The second example is a generalized n-particle W state
The maximum of ω 2-pr (|W n ) with k = 2 is given by
when r satisfies 1 2n (n − 1 − 2 (n − 1)(n 2 + 2n − 4)) < r < 1 2n (n − 1 + 2 (n − 1)(n 2 + 2n − 4)), as shown in Fig.5 . Another example is a generalized n-particle W state
We get that
for any r > −2(n−1)+ √ (n−1)(n 2 +2n−4) (n−1)(n−2)
. It implies that the inequality (A32) can be used to verify entanglement depth k = 2 of the generalized W states. 
with θ ∈ (0, π 2 ]. Define A i = σ z for all is. It follows that ω(|Φ s ) = (n − 1)(n − 2) n + n − 1 n (1 + cos 2θ) − n − 1 4n 2 (1 + cos 2θ) 2 >n − 2 (A48) when θ satisfy the inequality: cos 2θ > 2n 2 −3n+1−2 √ n 4 −3n 3 +4n 2 −2n n−1
. It means that n-partite maximal slice (MS) state has the genuinely n-partite nonlocality. The numeric evaluations are shown in Fig.7 .
Example 9. Consider a generalized tripartite entangled pure state [55] : 
A3. Mixed entangled states
Consider the n-partite Werner state [52] :
where |Φ is any n-partite state on Hilbert space H 1 ⊗· · ·⊗H n with local dimension 2, and 1 2 n is the identity operator, v n ∈ [0, 1] is noise parameter. Note from the positive semidefinite operator of ρ that
The nonlinear functionals f i s can be then rewritten into
for p = 1 2 . It follows from Eqs.(A53), (A54) and (A32) that 1≤i =j≤n
for any k-producible state ρ. Note that the noise parameter is involved in the left side of the inequality (A55). Hence, it should be computed firstly in applications. Example 10. Consider an n-partite GHZ states |Φ = 1 √ 2 (|0 ⊗n + |1 ⊗n ). Define A i = σ z for all i. It follows that A i ρ GHZ = 0, and A i ⊗ A j ρ GHZ = v n for all i and j = i. From Eqs.(A51) and (A55) we get that
when v n > v * n . Numeric evaluations of v are shown in Fig.8 . Example 11. Consider a tripartite maximally entangled W state |Φ = 1 √ 3 (|001 + |010 + |100 ). Define A i = σ x for all i. It is easy to check A i ρ W = 0, and A i ⊗ A j ρ W = 2v3 3 for all i and j = i. From Eqs.(A51) and (A55) we get that
. Numeric evaluations of v are shown in Fig.9 .
Appendix B: Proof of Theorem 1 Definition 1. An n-partite state ρ is generated in terms of the network N q if the following equation holds
where ρ 1 , · · · , ρ m are subsystems consistent with the network configuration N q , {p(λ)} is a distribution depending on a variable λ, and each M j (λ) is general quantum operator which are realizable without classical communication. The proof is completed by contradiction. Consider an n-partite permutationally symmetric entangled pure state |Φ A1···An on Hilbert space H A1 ⊗ · · · ⊗ H An with the same local dimension d ≥ 2. Note that |Φ cannot be decomposed into a linear superposition of two different mixed states ρ 1 , ρ 2 , i.e., |Φ Φ| = pρ 1 + (1 − p)ρ 2 for any probability distribution {p, 1 − p} if ρ i = |Φ Φ|. Thus from Definition 1 it is sufficient to prove that |Φ cannot be generated from any pure states using unitary operations with any network models.
Assume that |Φ has the decomposition of Eq.(B1), i.e., there exist pure states |Ψ i on Hilbert space H Ai 1 ⊗· · · ⊗H Ai n and local unitary operations U i such that
where |Φ 0 is auxiliary state on Hilbert space
There are at most n − 1 systems in each state of |Ψ i Ai 1 ···Ai n are entangled from Definition 1.
Consider the tensor decomposition of Hilbert space H A1 as H ) are isomorphic to each other. Consider any local unitary operation W 1 being performed on Hilbert space H A1 . Here, the unitary operations can be unitary operations after any isomorphism mapping of Hilbert space H A1 . For example, define the mapping: F : |0 → |001 , |1 → |010 , |2 → |100 . It follows that the complex space C 3 is isomorphic to a 3-dimensional subspace of C 2 ⊗ C 2 ⊗ C 2 . This kind of isomorphism mappings are allowed in the proof. Since |Φ is permutationally symmetric, the same isomorphism mapping can be performed for all parties. Moreover, these isomorphism mappings donot change the the number of parties in any entangled system (it may change the number of particles in some entangled system). This allows it being performed before all local unitary operations.
There are two cases after any local unitary operation W 1 being performed on Hilbert space H A1 . One is that the systems of A where |φ A (1) 1 is single-particle state on Hilbert space H A (1) 1 . Since |Φ is permutationally symmetric for all particles, after the local unitary operation W being performed by all parties, |Φ is changed as follows
Here, |Φ 1 |Φ 2 is permutationally symmetric because the same unitary operation for each party do not change the symmetry of |Φ , where each permutation g is performed on the tensor basis |i A (1) i |j A (2) of each party. Note that all the spaces of H Ai have the same tensor decompositions. It follows that |Φ 1 and |Φ 2 are both permutationally symmetric states. The other is that the systems of A By iterating the procedure stated above for Hilbert spaces H A (2) i , after the same local operation U := W k · · · W 2 W 1 performed on each subsystem, we can get the following tensor decomposition as
where |Φ j s are all permutationally symmetric states on Hilbert spaces ⊗ n i=1 H A (j) i . Note that any local unitary operations on product states cannot generate entangled states. Here, the decomposition in Eq.(B5) is obtained under all possible local operations. Since (U ⊗ · · · ⊗ U )|Φ is n-partite entangled pure state, there is at least one entangled state in the right side of Eq.(B5). Take |Φ 1 as an example. From the symmetry of |Φ , |Φ 1 is an n-partite entangled state, where the same unitary operations donot change the symmetry. Moreover, it is reasonable to suppose that |Φ 1 is indecomposable under any local unitary operations. Additionally, the only permutationaly symmetric product state is the product of one-particle state. All the product states |Φ i can be further decomposed into single-particle states |φ i , i.e., |Φ i = |φ i ⊗n . For simplicity, assume that |Φ 1 in Eq.(B5) is on Hilbert space
j,s has the dimension d j . |Φ 1 is then regarded as an n-partite entangled state on Hilbert space (⊗ s j=1 H A (1) 1,j ) ⊗ · · · ⊗ (⊗ s j=1 H An,j ) with ns particles. From Eqs.(B2) and (B5) we get that
where U −1 i and U −1 denote the respective reverse operation of U i and U . After local unitary operations U −1 i U −1 being performed the number of particles which are entangled in |Φ 1 do not decrease from the assumption in Eq.(B5). It means that there is an n-partite entangled pure state |Φ with at least ns particles in the right side of Eq.(B6), which is derived from |Φ 1 with local operations. From Eq.(B5), |Φ cannot be decomposed into local tensor of two states (ns-partite entangled state), i.e., |Φ = |Φ 1 |Φ 2 for any states |Φ 1 and |Φ 2 . Otherwise, |Φ 1 is decomposable which contradicts the assumption of indecomposable |Φ 1 in Eq.(B5). However, this is impossible for the joint state in the left of Eq.(B6), where any state of |Ψ i is entangled with at most n − 1 parties from Definition 1. This completes the proof.
Appendix C: Proof of Theorem 2
In this proof, any isomorphism mapping (including the embedding mapping which maps one Hilbert space into a subspace of larger Hilbert space, see example in the proof of Theorem 1) is allowed for Hilbert space H Ai . One important fact is that these isomorphism mappings do not change the the number of parties in any entangled system (it may change the number of particles in some entangled system). This allows that all isomorphism mappings can be performed before all local unitary operations or encoding into local unitary operations assisted by auxiliary systems. Lemma 1. Consider two multipartite entangled pure states |Ψ 1 on Hilbert space H A1 ⊗ · · · ⊗ H An and |Ψ 2 A k on Hilbert space H A k ⊗ H A k+1 ⊗ · · · ⊗ H An . The subsystems of A k and A k are entangled after unitary operation U k being performed if U k = U A k ⊗ W A k for any unitary operations U A k and W A k , where U A k and W A k are performed on the respective system A k and A k .
Proof of Lemma 1. From the Schmidt decomposition, |Ψ i are decomposed into
where {|τ i } are orthogonal states, {|ψ i A1···A k−1 } are k − 1-partite orthogonal states, and {|φ i A k+1 ···An } are n − kpartite orthogonal states. Since |Ψ i are entangled states, there are at least two nonzero Schmidt coefficients in Eqs.(C1) and (C2). Here, we choose {|τ i } as the basis of subsystem A k or A k . Otherwise, one local unitary operation can change different bases into the same basis states. Consider a unitary operation U k satisfying U k = U A k ⊗ W A k for any unitary operations U A k and W A k . Note that
where |ς ij = U k |ij are orthogonal states for all i, j. Assume that the systems A k and A k of |Ω is not entangled. There is no local operation for other systems A i s with A i ∈ {A k , A k }. The bipartition of {A 1 , · · · , A k } and {A k+1 , · · · , A n } (or {A 1 , · · · , A k−1 } and {A k , A k+1 , · · · , A n }) is also not entangled for |Ω . It follows that the bipartition of {A 1 , · · · , A k } and {A k , A k+1 , · · · , A n } is also not entangled for |Ω . It means that |Ω is product state of two subsystems {A 1 , · · · , A k } and {A k , A k+1 , · · · , A n }, i.e.,
where |Ψ 1 A1···A k = i α i U A k |τ i |φ i and |Ψ 2 A1···A k = i γ i W A k |τ i |ψ i for some single-particle unitary operations U and W since the subsystem of A 1 , · · · , A k−1 of |Ψ i A1···A k and |Ψ i A1···A k are the same to each other. It follows from Eqs.(C3) and (C4) that
for all i, j. Note that U |τ i |τ j = |ς ij for any i, j. It follows that U = U A k ⊗ W A k from the orthogonal states {|τ i τ j }. This contradicts to the assumptions. Lemma 2. Consider a k-partite entangled pure state |Ω on Hilbert space H A1 ⊗ · · · ⊗ H An . |Ω is also k-partite entangled after any local unitary operations.
Proof of Theorem 2. Consider an entangled pure state |Φ on Hilbert space H A1 ⊗· · · ⊗H An with local dimensions d 1 , · · · , d n ≤ 3. Note that any pure state can not be decomposed into a superposition of two mixed states. The classical communication is not allowed for all parties. It only needs to consider the local unitary operations for each party from Definition 1.
Case one. Assume that there are two multi-partite entangled states |Ψ i , i = 1, 2. For simplicity, consider |Ψ 1 is on Hilbert space H A1 ⊗ · · · ⊗ H A k and |Ψ 2 is on Hilbert space H A k ⊗ · · · ⊗ H An . Here, we assume that the k-th party is the middle party who connects two entangled states |Ψ 1 and |Ψ 2 . Otherwise, |Ψ 1 |Ψ 2 is separable and cannot be locally transformed into |Φ on Hilbert space H A1 ⊗ · · · ⊗ H An deterministically with local unitary operations from Lemma 2. This reason is that any local operations on separable states cannot generate entangled states.
In what follows, we prove that all parties cannot get |Φ from |Ψ 1 |Ψ 2 deterministically using local unitary operations and isomorphism mappings.
Assume that there exist local operations U i satisfying that
where |φ A k is an auxiliary state of the subsystem A k . Here, we take use A k for the subsystem A k in the state |Ψ 2 A k A k+1 ···An for distinguishing from A k in the state |Ψ 1 . Eq.(C6) has used a fact that each Hilbert space H with local dimension d ≤ 3 cannot be decomposed into the tensor of two Hilbert spaces H 1 , H 2 (even if under the isomorphism mappings or the embedding mapping). Otherwise, Eq.(C6) does not hold. In this case, there are at least four orthogonal basis states in
The number of these basis states is not decrease under any local unitary operations since Hilbert space H A k ⊗ H A k is not isomorphic to Hilbert space H with dimension smaller than 4. It means that we can only get an entangled state containing one system with local dimension of no less than 4. This contradicts to the assumptions of d i ≤ 3.
Note that the local operations of the systems A i except for A k can be performed anytime because there is no classical communication. Hence, it is reasonable to assume that the local operations of all parties except for k-th party are included in the states |Ψ i . In this case, Eq.(C6) is rewritten into
where U k is performed on the joint system of A k and A k . If U k = U A k ⊗ W A k for any unitary operations U A k and W A k , it follows that the subsystems of A k and A k are entangled from Lemma 1. Note that local unitary operation do not change the entanglement of other systems. It means that A 1 , · · · , A k−1 are entangled, and A k+1 , · · · , A n are entangled after U A k being performed. From Lemma 2, it follows that A 1 , · · · , A k are entangled and A k , A k+1 , · · · , A n are entangled. Hence, A 1 , · · · , A k , A k , A k+1 , · · · , A n are entangled. It means that U k |Ψ 1 A1···A k is n + 1-partite entanglement. This contradicts to the product state of |Φ A1···An |φ A k in Eq.(C7).
Case two. Case one is useful for general case. Firstly, one fact is that n-partite entangled pure state |Φ cannot be generated by an n − 1-partite entangled pure state |Ψ and any separable states by local unitary operations from Lemma 2. Now, assume that there are m entangled (partially entangled) states |Ψ 1 , · · · , |Ψ m for generating |Φ , i.e.,
where U i are unitary operations on local system of i-th party, and |Φ 0 is an auxiliary state. Since U i s are unitary it is equivalent to
From the assumption we get that the local dimensions of |Φ are no more than 3 and cannot be further decomposed (under any isomorphism mapping). The right side of Eq.(C9) contains at least an n-partite entangled pure state (which may be n subsystems) by iterating Case one, where the local unitary operations ⊗ n j=1 U −1 j do not decrease the number of parties who are entangled. This contradicts to the fact that the left side has at most n − 1 entangled parties from Definition 1. This completes the proof.
Appendix D: Proof Theorem 3 Lemma 3. Consider Hilbert space H A1 ⊗ · · · ⊗ H An with local dimension d 1 , · · · , d n ≥ 2. The following inequalities hold
where |GHZ is generalized GHZ state [5] 
The proof of Theorem 3 is easily followed from Lemma 3 and the inequality (7) in the main text. Proof of Lemma 3. Consider any n-partite entangled pure states |Φ on Hilbert space H A1 ⊗ · · · ⊗ H An with local dimensions d 1 , · · · , d n ≥ 2. Here, we consider that |Φ is permutationally symmetric or d i s satisfy d i ≤ 3. From the definition of D(|Φ ) in the main text, for an auxiliary state |Φ 0 on Hilbert space H B1 ⊗ · · · ⊗ H Bm , consider any pure state |Ω on Hilbert space H A1 ⊗· · · ⊗H An ⊗H B1 ⊗· · · ⊗H Bm , which is generated by the states |Ψ 1 , · · · , |Ψ t satisfying that each one has entangled with at most n−1 parties. From Definition 1, |Ω is given by |Ω := ⊗ n j=1 U j (⊗ t i=1 |Ψ i ) for some local unitary operations U 1 , · · · , U n . Now, define the Schmidt decomposition of |Ω in terms of the bipartition of {A 1 , · · · , A n } and {B 1 , · · · , B m } as
where {|Ω 0 , · · · , |Ω s } are orthogonal states on Hilbert space H A1 ⊗ · · · ⊗ H An , {|Φ 0 , · · · , |Φ s } are orthogonal states on Hilbert space H B1 ⊗ · · · ⊗ H Bm , and the Schmidt coefficients λ i satisfying 0 ≤ λ i ≤ 1 and s i=0 λ 2 i = 1. It follows that
Note that in the proof we do not choose |Ω 1 = |Φ . Actually, consider Schmidt decomposition of |Ψ i in terms of the bipartition of {A of H Bj . It is sufficient to define |Ω 0 as follows
or the general decomposition of |Ω 0 = ⊗ n i=1 U i (⊗ k j=0 |Ψ j ), where U 1 , · · · , U n are local unitary operations.
Proof of Inequality (D1). To show the main idea, we first prove the result for a special n-partite GHZ state
on Hilbert space H A1 ⊗ · · · ⊗ H An with local dimension d ≥ 2, where a 2 0 + a 2 d−1 = 1. Note that |Φ can be regarded as a projection on the subspace spanned by {|0 ⊗n , |d − 1 ⊗n }. It is sufficient to assume that
In Eq.(D9), |Ψ i are orthogonal states on Hilbert space H A1 ⊗ · · · ⊗ H A k−1 satisfying x i ≥ 0 and
In Eq.(D10), |Ψ j are orthogonal states on Hilbert space H A k+1 ⊗ · · · ⊗ H An satisfying y i ≥ 0,
Here, the k-th party complete the connecting operation.
Note that {x i y j } are Schmidt coefficients of |Ψ 0 |Ψ 1 with the bipartition of {A k A k } and {A 1 , · · · , A k−1 , A k+1 , · · · , A n }. These Schmidt coefficients are not changed under the local unitary operations of all parties, where one can re-change the orthogonal basis of the systems {A k A k }, or equivalently the orthogonal basis of A k in |Φ . From Eq.(D8), there are only two Schmidt coefficients x 2 i y 2 j and x 2 l y 2 s are useful to construct |Φ . In this case, we assume that |Ψ i s have the following decomposition as
with m i ≤ n − 1. In Eq.(D11), |Ψ 0 is on Hilbert space H A1 ⊗ · · · ⊗ H Am 1 satisfying x i ≥ 0 and i x 2 i = 1, and |Ψ 0 is a state which is orthogonal to the subspace spanned by {|0 ⊗m1 , |d − 1 ⊗m1 }. In Eq.(D12), |Ψ 1 is on Hilbert space H B1 ⊗ · · · ⊗ H Bm 1 satisfying y i ≥ 0 and i y 2 i = 1, and |Ψ 1 is a state which is orthogonal to the subspace spanned by {|0 ⊗m2 , |d − 1 ⊗m2 }. Hilbert space H A1 ⊗ · · · ⊗ H An is isomorphic to H A1 ⊗ · · · ⊗ H Am 1 ⊗ H B1 ⊗ · · · ⊗ H Bm 1 .
From Eqs.(D7), (D11) and (D12) we get that
The inequality (D13) follows from the inequalities x 2 0 + x 2 1 ≤ 1 and y 2 0 + y 2 1 ≤ 1. The inequality (D14) follows from the equality: a 2 0 + a 2 d−1 = 1 and inequality:
Thus the maximum is from two points of f (x 0 y 0 = 0) and f (x 0 y 0 = 1). Consider a new decomposition of |Ω 0 as
where |Ψ i = x 0,i |0 ⊗mi + x 1,i |d − 1 ⊗mi + x 2,i |Ψ 0,i , i = 1, · · · , k. It follows that
The inequality (D17) follows from the inequalities 0 ≤ x i,j ≤ 1. The inequality (D18) follows from the inequality (D13). Since the equality in Eq.(D18) is achievable, it follows from Eqs.(D6) and (D18) that
where max{λ 0 } = 1. This completes the proof. Now, we prove Inequality (D1). Consider generalized GHZ state as
|Φ can be regarded as a projection on the subspace spanned by {|0 ⊗n , · · · , |d − 1 ⊗n }. Similar to the discussions from Eqs.(D9) to (D12), it is sufficient to assume that
In Eq.(D21), |Ψ 0 is on Hilbert space H A1 ⊗ · · · ⊗ H Am 1 satisfying x i ≥ 0 and i x 2 i + x 2 * = 1, and |Ψ 0 is a state which is orthogonal to the subspace spanned by {|0 ⊗m1 , · · · , |d − 1 ⊗m1 }. In Eq.(D22), |Ψ 1 is on Hilbert space H B1 ⊗ · · · ⊗ H Bm 1 satisfying y i ≥ 0 and i y 2 i + y 2 * = 1, and |Ψ 1 is orthogonal to the subspace spanned by {|0 ⊗m2 , · · · , |d − 1 ⊗m2 }. Hilbert space H A1 ⊗ · · · ⊗ H An is isomorphic to H A1 ⊗ · · · ⊗ H Am 1 ⊗ H B1 ⊗ · · · ⊗ H Bm 1 . From Eqs.(D21) and (D22) we get that
The inequality (D23) is obtained by using the following Lagrange method [61] :
where γ 1 , γ 2 are Lagrange factors. From the equality of ∇ xi f = 0 (partial derivative of function f on the variable x i ) and Eqs.(D26) and (D27), we get that the maximum achieves when x i = y i , i = 0, · · · , d − 1. The inequality (D24) follows the inequality: 
Now consider the Schmidt decomposition of |Φ with bipartition {A 1 , · · · , A s } and {A s+1 , · · · , A n } as
where λ i ≥ 0 and i λ 2 i = 1, |φ i s are orthogonal states on Hilbert space H A1 ⊗ · · · ⊗ H As , |ψ i s are orthogonal states on Hilbert space H As+1 ⊗ · · · ⊗ H An . Now, |Φ can be regarded as a projection on the subspace spanned by {|φ i |ψ i , ∀i}. Similar to the discussions from Eqs.(D9) to (D12), it is sufficient to assume that
In Eq.(D31), |Ψ 0 is on Hilbert space H A1 ⊗ · · · ⊗ H As satisfying x i ≥ 0 and i x 2 i + x 2 * = 1, and |Ψ 0 is orthogonal to the subspace spanned by {|φ i , ∀i}. In Eq.(D32), |Ψ 1 is on Hilbert space H As+1 ⊗ · · · ⊗ H An satisfying y i ≥ 0 and i y 2 i + y 2 * = 1, and |Ψ 1 is a state which is orthogonal to the subspace spanned by {|ψ i , ∀i}. From Eqs.(D30)-(D32) we get that
The inequality (D33) follows from the Lagrange method as stated in Eqs.(D25)-(D27). The inequality (D34) is similar to Eq.(D24). Similarly, we can prove that 
where the first maximum is over bipartite decompositions of |Φ with respect to the all bipartitions of {A 1 , · · · , A n }.
Since |Φ is permutationally symmetric, all the decomposed states |φ i and |ψ j are also permutationally symmetric. In this case, we can choose special orthogonal states as
i = 0, · · · , k, where |D l,m denotes the s-particle Dicke state with l excitations, i.e, |D l,m = 1 √ N l,m r1+···+rm=l |r 1 · · · r m . In this case, from Eqs.(D29) and (D37) we get that λ i = N i,s N k−i,n−s N k,n , i = 0, · · · , k (D38) where n 2 denotes the maximal integer no more than n 2 . In Eq.(D39) we have used the equality: N s,t = C(s + t − 1, t − 1), which denotes the combination number of choosing t − 1 ball from a box with s + t − 1 balls. In Eq.(D30) we have used the equality: C( 1 , 2 ) = 
where λ i ≥ 0 and i λ 2 i = 1, |φ i s are orthogonal states on Hilbert space H A1 ⊗ · · · ⊗ H As , |ψ i s are orthogonal states on Hilbert space H As+1 ⊗ · · · ⊗ H An . Now, |Φ can be regarded as a projection on the subspace spanned by {|φ i |ψ i , ∀i}. It is sufficient to assume the decompositions in Eqs.(D31) and (D32). From Eqs.(D29)-(D31) we get that
from the inequality (D34). Similarly, the inequality (D49) holds for generalized decomposition of |Ω 0 in Eq.(D6). From Eq.(D6), it follows that D(|Φ ) = max A1|A2 max{λ 2 0 , · · · , λ 2 } (D50)
where the first maximum is over all bipartitions of A 1 ∪ A 2 = {A 1 , · · · , A n }. This completes the proof of Lemma 3. The controlled phase flip operation is given |0 0| ⊗ I + |1 1| ⊗ σz, where σz is Pauli operation. |Ψ A 2 A 3 A 3 is generalized three-qubit linear cluster state given by |Ψ A 2 A 3 A 3 = 1 √ 2 (|+ |0 |+ + |− |1 |− ). |EP R denotes the generalized EPR state given by |EP R = a|00 + b|11 with a 2 + b 2 = 1. Here, some local operations are performed because that the genuinely multipartite nonlocality is unchanged under the local operations.
on Hilbert space H A1 ⊗ · · · ⊗ H An with local dimensions d 1 , · · · , d n ≤ 3. Our goal is to prove that
where ρ A c denote the minimal 1-norm of the column vector of the reduced density matrix ρ A associated with the subsystem A ⊂ {A 1 , · · · , A n }.
Consider the bipartition {A 1 , · · · , A k } ∪ {A k+1 , · · · , A n } of {A 1 , · · · , A n }. Denote ρ A1···A k as the reduce density matrix. It follows that [63] :
where v j is the j-th column vector of ρ A1···A k , and x = i |x i | denotes the 1-norm of vector. The inequality (F2) follows from Lemma 3. Example 12. Consider |Φ as some clusters as shown in Fig.10 . In Fig.10(a) , it is easy to check that the final state after all controlled phase gates is shown as
which is an n-partite GHZ state [5] . The inequality (14) provides the sufficient condition to witness the genuinely multipartite entangled states of noisy GHZ state in the present model defined in Eq.(2) or the biseparable model [9] . In Fig.10(b) , it is easy to check that the final state after all controlled phase gates on the joint system |++++ A1···A4 is shown as
which is an 4-partite entangled state. It is easy to check from that D(|Φ ) = 1 2 (F6)
The inequality (F6) provides the sufficient condition of v ≥ 7 15 to witness the genuinely multipartite entangled states of |Φ with white noise in the present model defined in Eq.(2) or the biseparable model [9] .
In Fig.10(c) , it is easy to check that the final state after all controlled phase gates on the joint system |EP R A1A2 |Ψ A3A4A5 is shown as |Φ = 1 √ 2 (a|00000 + b|11100 + a|00111 + b|11011 ) (F7) with a 2 + b 2 = 1 and a, b = 0, which is 5-partite entangled state. It is easy to check from that D(|Φ ) = max{a 2 , 1 − a 2 } (F8)
The inequality (F8) provides the sufficient condition of v ≥ 16a 2 −1
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if a 2 ≥ 1 2 to witness the genuinely multipartite entangled states of |Φ with white noise in the present model defined in Eq.(2) or the biseparable model [9] .
